Abstract: Subdirectly irreducible regular bands whose structural semilattices are finite chains are characterized in terms of a refined semilattice of semigroups.
Introduction and preliminaries
Every nontrivial semigroup is a subdirect product of some subdirectly irreducible semigroups. Therefore, it is certainly of great importance to describe kinds of subdirectly irreducible semigroups. It is known that a nontrivial semigroup S is subdirectly irreducible if and only if S contains the least nontrivial congruence. In [1] , Gerhard gave a representation of subdirectly irreducible bands (also called idempotent semigroups) in terms of transformations. However, it is not easy to construct an arbitrary subdirectly irreducible band according to Gerhard's representation. In this paper, we give a construction for a special kind of subdirectly irreducible regular bands, whose structural semilattices form finite chains, by using a structure theorem of regular bands. To date, we are not able to give a construction of a general subdirectly irreducible regular band.
First we introduce some notations and concepts. Let X be a nonempty set. Then we write the identity relation on X as ε X and write the universal relation on X as ω X . If X is a partially ordered set, then for any x, y ∈ X , x is said to immediately cover y if whenever x ≥ z ≥ y , one has x = z or y = z for any z ∈ X , written as x ≻ y . Let A, B be nonempty sets. Usually, a mapping from A to the power set 2 B of B (the set of all subsets of B ) is called a set-valued mapping from A to B . Let ρ be an equivalence on B . A relational mapping ξ from A to B over ρ (see [5] ) is a set-valued mapping from A to B such that One can see from the following lemma that, to describe all subdirectly irreducible regular bands, it suffices to investigate subdirectly irreducible left (or right) regular ones.
Lemma 1.4 [[3, Proposition V.1.3]] A band is regular if and only if it is a subdirect product of a left regular band and a right regular band.
Combining the definition of a relational mapping and the revised definition of a refined semilattice of semigroups in [5] or [6] with Theorem 3.6 in [7] , we have the following: 
Suppose also that:
where
Conversely, every left regular band can be so constructed. 
Main result and proof
The aim of this section is to describe a kind of subdirectly irreducible left regular bands whose structural semilattices are finite chains, but most lemmas in this section are suitable for more general subdirectly irreducible bands. Noticing Remark 1. 
Lemma 2.1 [[4, Theorem 4.7]] For any
u, v ∈ L , ux = vx for all x ∈ L 0 implies that u = v .
Lemma 2.2 For any
and u ∈ L 0 , we see from Corollary 1.6 that
It follows from Lemma 2.1 that a = aϕ α1,0 , a contradiction. 2
Lemma 2.3 For any
Arbitrarily take α ∈ Y and suppose that ρ α,0 = ε L0 . It follows from (1.1) that for any δ ≥ α , 
Proof Obviously, ρ is an equivalence on L . Note that L 0 is a left zero semigroup. To show that ρ ∈ C(L) , it suffices to verify that ρ is left compatible. Now suppose that u, v ∈ aρ α,0 and c ∈ L with c ∈ L δ and δ ∈ Y .
It follows from Corollary 1.6 that cu = cϕ 
Lemma 2.7 Let Y be a chain. Then for any α, β ∈ Y with
Proof First it follows from Lemma 2.6 and (1. 
It follows from (1.3) and Lemmas 2.6 and 2.8 that
Hence, taking u ∈ L α , we have uϕ 
suffices to verify that η is left compatible. Arbitrarily take u ∈ L with u ∈ L δ and δ ∈ Y . If δ ≥ α , then we see from Corollary 1.6, (1.1), and Lemma 2.6 that (ux, uy) = (x, y) ∈ η . If δ < α , then again we see from Lemma 1.6, (1.1), and Lemma 2.6 that ux = uy since x, y ∈ N δ . Therefore, η ∈ C(L) − {ε L } . Note that L contains no identity. It follows from Lemmas 2.6 and 2.4 that |N α | > 1 , so we obtain from Lemma 2.5 that
Lemma 2.12 Let L contain no identity and Y be a chain. Then there exist a
Proof Note that L contains no identity. We see from Lemmas 2.4 and 2.6 that for any α ∈ Y , |N α | > 1 . By
If N = ∩ α∈Y N α contains at least three elements, say, a, b, c ∈ N , then we now can easily verify that both 
Proof Assume that ρ α,β = ε L β and note Lemma 2.13. Since Y is finite, we may suppose that for any δ, η ∈ Y Proof Noticing (1.2), (1.3), and Lemmas 2.8, 2.9, and 2.14, we only need to choose v = uϕ x α,β , where
Now we present the main result. 
Proof Necessity. We only need to prove (e) since we already have Lemmas 2.6, 2.8, and 2.11 and one can directly deduce (b) from Lemma 2.12. It follows from Lemmas 2.8 and 2.13 that |L ι | = 2 , so ϕ 
t).
Then (a 1 , b 1 ) ∈ σ , which again leads to ρ 0 ⊆ σ , so we obtain that ρ 0 is the least nontrivial congruence on L and hence L is subdirectly irreducible. 2
